Abstract. We generalize and unify some aspects of the work of Daubechies and Lagarias 2] on a set of matrices with right-convergent products (RCP). We show that most properties of an RCP set pass to its compacti cation (i.e. its closure in the matrix space). Results on nite RCP sets generally hold for compact RCP sets, among which is the existence of a K onig chain. We reproduce some important classical results in the context of K onig chains and compacti cation invariance.
Introduction
Let be a set of square matrices (real or complex). is said to be an RCP (right-convergent-product) set if is bounded, and for any sequence Examples of RCP sets of matrices are distributed in several areas. Following the pioneering work of Daubechies and Lagarias in 2], we mention here these four elds: the dynamics of non-stationary Markov chains, the iterated function systems, the exact computation of compactly supported wavelets (instead of the subdivision algorithm), and the iterations of random matrices. Daubechies and Lagarias 2] made a matrix-theoretic uni cation of these applied elds and many general results were established without actually referring to the underlying background. The beautiful work of Berger and Wang 1] completed the former one by proving a rmatively the two conjectures left there. Based on the common e orts of these authors, we have now gained deeper insights into the relation between the convergence of matrix products and the concept of joint spectral radius, introduced by Rota and Strang 3] almost four decades ago.
The literature on this part of \matrix calculus" is still green but steadily growing because of its many fascinating properties and its signi cance in applications. The most recent work can be found in Shih 4] on simultaneous Schur stability.
In this paper, we generalize and unify further some aspects of the work of Daubechies and Lagarias in 2], with a special emphasis on compactness.
We show that if is an RCP set, then its compacti cation, i.e. the closure of in the matrix space, shares almost all the properties. The most remarkable pro t from compactness is the generalization of the following result of Daubechies The interest on vanishing RCP sets is enhanced by the fact that vanishing RCP sets can completely characterize another important class of RCP sets |uniform RCP sets (see Daubechies and Lagarias 2] or below). I intend to give a self-contained exploration. Some parallels to 1] and 2] shall be expected. Together, I hope our e orts will clarify old problems and point more focusively to new ones.
The layout of paper is as follows. Section 2 contains a brief review on RCP sets. The limit set of a U-RCP set is characterized. Notations are conveniently developed. Section 3 centers about the basic properties of the compacti cation of an RCP set. The existence of a K onig chain in a compact set is proved in Section 4. Our results are applied to reproduce some important results in 1] and 2]. If is an RCP set, then 1 naturally denotes the collection of all the above limits. An element in 1 is usually denoted by (t), with t 2 1 . The black-faced t and the lowering operators ( ) and ( ) m will bring many notational advantages, as one shall see throughout the paper.
De nition 2 (V-RCP set). An RCP set is said to be vanishing if 1 = f0g. A vanishing RCP set is simply referred to as a V-RCP set.
De nition 3 (U-RCP set). An RCP set is said to be uniform if for any > 0, one can nd N > 0, such that, for all n N, m 0, and t 2 n , s 2 m , k(t)(Id ? (s))k = k(t) ? (t)(s)k :
A uniform RCP set is also called a U-RCP set. 2.2. The limit set of a U-RCP set. Here we characterize the limit set 1 of a U-RCP .
De nition 4 (Right-absorbing). A matrix set is said to be right-absorbing if PQ = P; for any P; Q 2 :
The similar de nition goes to a left-absorbing set. A right-absorbing set can be completely characterized geometrically. Proposition 1. A set of matrices is right-absorbing if and only if the following two hold:
(i) Each P 2 is a (skew) projection: P 2 = P.
(ii) Any two projections P; Q 2 project onto a same space.
We leave this easy proof to our readers. Remind you that we have assumed any matrix acts on row vectors.
For a right-absorbing set , denote by E( ) the common projection space. Then E( ) can be seen as the inertial manifold of . Or, in terms of the 1-eigenspaces E 1 (P), P 2 ,
Another interesting property is the duality principle.
Proposition 2 (Duality). A matrix set is right-absorbing if and only if
I ? = fI ? P P 2 g is left-absorbing.
The limit set of a U-RCP set can be understood completely via this concept. We have already shown above that
This complete the proof.
It says that elements of a U-RCP set must share a common inertial subspace. This result was rst shown in Daubechies and Lagarias 2]. Characterizing this common inertial subspace by the right-absorbing property of the limit set, however, is an innovation of this paper.
We hope this warms us up enough for both the background and notations of the RCP subject. Now suppose is a V-RCP. In Eq. (2), (t ) = 0. Then (s) must be zero since is arbitrary, which means that is also a V-RCP. This proves (-4).
For (-5), from the telescoping inequality (1),
Suppose that is a U-RCP set. Then there exists N, independent of s, such that for all n N, k(t ) n+m ? (t ) n k :
Hence, for all n N, and m 0 k(s) n+m ? (s) n k (2C 2 + 1) :
Since N does not depend on the choice of s, is a U-RCP.
Remark 1. The telescoping technique (1) rst appeared in Daubechies and
Lagarias 2] in a di erent context. As we see now, it is the throat passage through which all properties of RCP sets pass to their compacti cations. In what follows, we show that the niteness condition in the above three results can be safely replaced by the compactness condition. Through one example, we also demonstrate that the \boundedness" condition is generally not su cient for the existence of a K onig chain. Applications of K onig chains are mainly shown through generalizing the above results. For any integer m, we say t 2 m is above , if k(t) k k 1=k k ; k = 1; 2; ; m:
For a given and , let m denote all t 2 m which are above .
Proof of the Lemma. We complete the proof in two steps.
Step 1. We show that for any m, m is non-empty.
We proceed with the pre x technique in 2]. Suppose otherwise for some integer N, N is empty. Then, for any s 2 m with m N, there shall be a partition of s s = (t 1 ; t 2 ; ; t k ; r); such that (i) t j 2 l j for some l j N, and r 2 l for some l N ?1. Step 2. has a -K onig chain. Here, compactness shall place the parallel role of the \ nitely-branching" property in Daubechies and Lagarias' proof. The following example shows that compactness is essential for the existence of a K onig chain under a given matrix norm. This again follows readily from the compacti cation invariance and the preceding proposition.
It generalizes Daubechies and Lagarias Result 5 in the beginning of the section. Daubechies and Lagarias also proved it later in 2] in a di erent way.
As a result, we have Corollary 5. A V-RCP set must also be a U-RCP set.
Finally, before ending this paper, let us mention that the close relation between V-RCP and U-RCP sets is not a coincidence. In fact, Daubechies and Lagarias 2] characterized U-RCP sets completely by V-RCP sets. We state it here in a slightly di erent way, which is more geometrical and corresponds to the projection operators discussed in Section 2.
Result 7. A bounded set of matrices (or linear transforms on row vectors) is a U-RCP if and only if there exists a (skew) projection P (i.e. P 2 = P) such that (i) P = P.
(ii) P = (I ? P) (I ? P) T is a V-RCP.
